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Abstract
Let A be a set of k complex numbers, and let Aþ (respectively, A) be the set of sums
(resp. products) of distinct elements of A: Let
gCðkÞ ¼ min
ACC;jAj¼k
fjAþj þ jAjg:
Ruzsa posed the question whether gCðkÞ grows faster than any power of k: In this note we give
an afﬁrmative answer to this question.
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Let A be a set of k complex numbers, and let Aþ and A be the sets of sums and
products of distinct elements of A:
Aþ ¼
Xk
i¼1
Eiai:aiAA; Ei ¼ 0 or 1
( )
;
A ¼
Yk
i¼1
aEii :aiAA; Ei ¼ 0 or 1
( )
:
Erd +os and Szemere´di [E-S] considered
gZðkÞ ¼ min
ACZ;jAj¼k
fjAþj þ jAjg
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(thus here A is a set of integers) and conjectured that gZðkÞ grows faster than any
power of k: More precisely, they observed that
gZðkÞokc
log k
log log k
for some absolute constant c40 and conjectured that there exists an absolute
constant c040 such that
gZðkÞ4kc
0 log k
log log k: ð1Þ
In [Ch1], we established (1). The argument relies heavily on factorization into
primes and moment inequalities for trigonometric polynomials and does not extend
beyond the integer case.
More recently, Ruzsa [R1] proposed the problem to get a nontrivial estimate for
gRðkÞ ¼ min
ACR;jAj¼k
fjAþj þ jAjg
and for
gCðkÞ ¼ min
ACC;jAj¼k
fjAþj þ jAjg: ð2Þ
Our main result is
Theorem 1. Let gCðkÞ be defined as in (2). Then
lim
k-N
log gCðkÞ
log k
¼N:
Hence gCðkÞ (and consequently gRðkÞXgCðkÞ) grows faster than any power of k:
We do not know if the analogue of (1) holds true for gCðkÞ:
The approach is substantially different from [Ch1] and our main tool is the new
result on factorization in ‘‘generalized arithmetic progressions’’ (as deﬁned in the
following theorem) established in [Ch2].
Theorem 2 (Chang [Ch2, Proposition 3]). Let P be a generalized arithmetic
progression
P ¼ Pðc0; c1;y; cd ; J1;y; JdÞ ¼ c0 þ
Xd
i¼1
kici : kiA½0; Ji½
( )
with generators c1;y; cdAC: Set J ¼ maxi Ji: Then for any hX2 and any nAC the
number of representations rhðnÞ ¼ rhðn; PÞ of n as a product of h elements of P satisfies
rhðnÞoJ
Cd;h
log log J :
The proof uses the theory of factorization in algebraic number ﬁelds.
There are two more ingredients in our argument.
The ﬁrst is Freiman’s theorem [F] on the structure of sets with small sumsets.
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Theorem (Freiman; Nathenson [N, Theorem 8.1]). Let G be a torsion free abelian
group and let ACG be a finite subset. If a is a real number such that j2AjoajAj; then
there exist real C1 ¼ C1ðaÞ and C2 ¼ C2ðaÞ (depending only on a) and a generalized
progression P as defined above, such that ACP; with
dpC1
and
jPjpC2jAj:
Finally, use Plu¨nnecke–Ruzsa sumset estimate; see [R2] or [N, Theorem 7.8].
Lemma 3 (Ruzsa’s inequality, Ruzsa [R2]). Let r be a real number and let M and N
be finite subsets of an abelian group such that
jM þ NjprjMj:
Let hX1 and cX1: Then
jhN  cNjprhþcjMj:
Proof of Theorem 1. For brevity we write gðkÞ rather than gCðkÞ:
Fix a positive real number c (so that all constants depending on c will also be
considered ﬁxed) and suppose that there exists ACC of arbitrarily large cardinality
k ¼ jAj such that jAþj þ jAjpkc:
We split A into I
ﬃﬃﬃ
k
p
m disjoint subsets B1; B2;y; each of cardinality at least
I
ﬃﬃﬃ
k
p
m: Let
r ¼ 1þ k1=5
and
As ¼
[s
i¼1
Bi:
If jAþsþ1j4rjAþs j for all sp
ﬃﬃﬃ
k
p  1 then
jAþj4rI
ﬃﬃ
k
p
m1jAþ1 j4r
ﬃﬃ
k
p
¼ 1þ k15
 k150B@
1
CA
k
1
2
1
5
4ek
1
4 ;
contradicting the assumption; thus there exists 1psp
ﬃﬃﬃ
k
p  1 such that
jAþsþ1jprjAþs j:
Let B ¼ Bsþ1 and let c ¼ Jk
1
5n; we claim then that
jcBjo3kc: ð3Þ
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Indeed, we have
jAþs þ BjpjAþs þ Bþj ¼ jAþsþ1jprjAþs j;
which by Lemma 3 implies
jcBjpjðcþ 1ÞB  Bjprcþ2jAþs j:
As rcþ2 ¼ ð1þ k15ÞJk
1
5nþ2o3 for sufﬁciently large k; we obtain
jcBjo3jAþjp3kc: ð4Þ
Put
c1 ¼ 210c
and suppose that
j2 jþ1Bj4c1j2 jBj ð5Þ
for all positive integers jplog2 c: Then by (5) we have
jcBjX cIlog2 cm1 jBj
4 clog2 c1
¼ clog2 c1 ;
¼ c10c
X k2c:
(The second inequality holds since jBj4 ﬃﬃﬃkp  14c1:)
Now by (4) we get
kc4
1
3
jcBj41
3
k2c;
which is a contradiction.
Thus, there exists some jplog2 c such that
j2 jB þ 2 jBj ¼ j2 jþ1Bjpc1 j2 jBj: ð6Þ
Inequality (3) gives
j2 jBjp3kc: ð7Þ
Applying Freiman’s Theorem to (6) we ﬁnd two positive constants C1 and C2;
depending only on c; and a generalized arithmetic progression P of dimension doC1
such that
2 jBCP ð8Þ
and
jPjpC2j2 jBj:
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From (7) we get
jPjpc2kc
(where c2 depends only on c). Also, (8) implies that
BCx þ P
for any ﬁxed xA ð2 j  1ÞB:
Note that Theorem 2 gives
rhðn; x þ PÞojPj
cðhÞ
log log jPj ¼ ecðhÞ
logjPj
log logjPj
for any nAC and hX2; where cðhÞ is a constant dependent on c and h:
It follows that the number of representations of n as a product of h elements of B is
at most
rhðn; x þ PÞo ecðhÞ
logðc2kcÞ
log logðc2kcÞ
o ec1ðhÞ
log k
log log k
¼ k
c1ðhÞ
log log k
o ke
for any ﬁxed e40 and h; and for k large enough.
Next, using the Stirling formula in the form
n
e
 n ﬃﬃﬃﬃﬃﬃﬃﬃ
2pn
p
on!o2 n
e
 n ﬃﬃﬃﬃﬃﬃﬃﬃ
2pn
p
we ﬁnd a lower bound on jBj
h
 
in terms of k: Let b ¼ jBj (which is 4k12  1). Then
there exists an absolute constant h0 such that for h0ohok1=5  1 we have
jBj
h
 
4
1
4
ﬃﬃﬃﬃﬃ
2p
p b
h
 h
b
b  h
 bhþ1
2 1ﬃﬃﬃ
h
p
4
1
4
ﬃﬃﬃﬃﬃ
2p
p b
h
 h
1ﬃﬃﬃ
h
p
4
1
4
ﬃﬃﬃﬃﬃ
2p
p kð1215Þh 110
4 k
h
4:
We conclude that for any h as above holds
jBj4ke jBj
h
 
4kek
h
4
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and thus
kc4jAj4jBj4kh4e:
Appropriate choice of h gives the contradiction. &
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